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TRANSLATOR’S PREFACE TO THE
SECOND ENGLISH EDITION.

SINCE the appearance of the first edition of the
present translation of Mach’'s Mechanics,* the views
which Professor Mach has advanced on the phileso-
phy of science have found wide and steadily increas-
ing acceptance. Many fruitful and elucidative con-
troversies have sprung from his discussions of the
historical, logical, and psychological foundations of
physical science, and in consideration of the great
ideal success which his works have latterly met with
in Continental Europe, the time seems ripe for a still
wider dissemination of his views in English-speaking
countries. The study of the history and theory of
science is finding fuller and fuller recognition in our
universities, and it is to be hoped that the présent ex-
emplary treatment of the simplest and most typical
branch of physics will stimulate further progress in
this direction, - .

The text of the present edition, which contains
the extensive additions made by the author to the

* Die Mechanik in ihrer Entwickelung historisch-kritisch dargestellt. Von
Dr. Ernst Mach, Professor an der Universitédt zu Wien. Mit 257 Abbildungen.
First German edition, 1883. Fourth German edition, 1gor. First edition of
the English translation, Chicago, The Open Court Publishing Co., 1893.
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latest German editions, has been thoroughly revised
by the translator. All errors, either of substance or
typography, so far as they have come to the trans-
lator’s notice, have been removed, and in many cases
the phraseology has been altered. The sub-title of
the work has, in compliance with certain criticisms,
also been changed, to accord more with the wording
of the original title and to bring out the idea that the
work treats of the principles of mechanics predomi-
nantly under the aspect of their development (Entwicke-
lung). To avoid confusion in the matter of references,
the malin title stands as in the first edition.

The author’s additions, which are considerable,
have been relegated to the Appendix. This course
has been deemed preferable to that of incorporating
them in the text, first, because the numerous refer-
ences in other works to the pages of the first edition
thus hold good for the present edition also, and sec-
ondly, because with few exceptions the additions are
either supplementary in character, or in answer to
criticisms. A list of the subjects treated in these ad-
ditions is given in the Table of Contents, under the
heading ¢¢Appendix” on page xix.

Special reference, however, must be made to the
additions referring to Hertz’s M eclanics (pp- 548-555),
and to the history of the development of Professor
Mach’s own philosophical and scientific views, notably
to his criticisms of the concepts of mass, inertia, ab-
solute motion, etc., on pp. 542-547, 555—574, and 579
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-583. The remarks here made will be found highly
elucidative, while the references given to the rich lit-
erature dealing with the history and philosophy of
science will also be found helpful.

As for the rest, the text of the present edition of
the translation is the same as that of the first. It has
had the sanction of the author and the advantage
of revision by Mr. C. S. Peirce, well known for his
studies both of analytical mechanics and of the his-
tery and logic of physics. Mr. Peirce read the proofs
of the first edition and rewrote Sec. 8 in the chapter
on Units and Measures, where the original was in-
applicable to the system commonly taught in this

country.

Tuomas J. McCorMACK.
La SaLLg, ILL., February, 1goz.



AUTHOR’S PREFACE TO THE TRANS-
LATION.

' Having read the proofs of the present translation
of my work, Die Mechanik in ilirer Entwickelung, 1 can
testify that the publishers have supplied an excellent,
accurate, and faithful rendering of it, as their previous
translations of essays of mine gave me every reason to
expect. My thanks are due to all concerned, and
especially to Mr. McCormack, whose intelligent care
in the conduct of the translation has led to the dis-
covery of many errors, heretofore overlooked. I may,
thus, confidently hope, that the rise and growth of the
iceas of the great inquirers, which it was my task to
portray, will appear to my new public in distinct and
sharp outlines. E. Macs.

Pracug, April 8th, 1893.



PREFACE TO THE THIRD EDITION.

THAT the interest in the foundations of mechanics
is still unimpaired, is shown by the works published
since 1889 by Budde, P. and J. Friedlinder, H. Hertz,
P. Johannesson, K. Lasswitz, MacGregor, K. Pearson,
J. Petzoldt, Rosenberger, E. Strauss, Vicaire, P.
Volkmann, E. Wohlwill, and others, many of which
are deserving of consideration, even though briefly.

In Prof. Karl Pearson (Grammar of Science, Lon-
don, 1892), I have become acquainted with an inquirer
with whose epistemological views I am in accord at
nearly all essential points, and who has always taken
a frank and courageous stand against all pseudo-
scientific tendencies in science. Mechanics appears
at present to be entering on a new relationship to
physics, as is noticeable particularly in the publica-
tion of H. Hertz. The nascent transformation in our
conception of forces acting at a distance will perhaps
be influenced also by the interesting investigations of
H. Seeliger (¢* Ueber das Newton’sche Gravitations-
gesetz,” Sitzungsbericht der Miinchener Akademie, 1896),
who has shown the incompatibility of a rigorous inter-
pretation of Newton’s law with the assumption of an
unlimited mass of the universe.

VIENNA, January, 1897. E. Mach.
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ing these cases must ever remain the method at once
the most effective and the most natural for laying this
gist and kernel bare. Indeed, it is not too much to
say that it is the only way in which a real comprehen-
sion of the general ubshot of mechanics is to be at-
tained.

I have framed my exposition of the subject agree-
ably to these views. It is perhaps a little long, but, on
the other hand, I trust that it is clear. I have not in
every case been able to avoid the use of the abbrevi-
ated and precise terminology of mathematics. To do
so would have been to sacrifice matter to form ; for the
language of everyday life has not yet grown to be suf-
ficiently accurate for the purposes of so exact a science
as mechanics.

The elucidations which I here offer are, in part,
substantially contained in my treatise, Die Gesclhichie
und die Wurzel des Satzes von der Erhaliung der Arbeit
(Prague, Calve, 1872). At a later date nearly the same
views were expressed by KircHHOFF (Forlesungen iber
mathematische Physik: Mechanik, Leipsic, 1874) and by
Hewvuovrrz (Die Thatsachen in der Wakrnehmung,
Berlin, 1879), and have since become commonplace
enough. Still the matter, as I conceive it, does not
seem to have been exhausted, and I cannot deem my
exposition to be at all superfluous.

In my fundamental conception of the nature of sci-
ence as Economy of Thought,—a view which I in-
dicated both in the treatise above cited and in my
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pamphlet, Die Gestalten der Flissigheit (Prague, Calve,
1872), and which I somewhat more extensively devel-
oped in my academical memorial address, Die 6kono-
mische Natur der physikalischen Forschung (Vienna, Ge-
rold, 1882,—I no longer stand alone. I have been
much gratified to find closely allied ideas developed,
in an original manner, by Dr. R. AvENARIUS (Philoso-
phie als Denken der Welt, gemdss dem Princip des klein-
sten Kraftmaasses, Leipsic, Fues, 1876). Regard for
the true endeavor of philosophy, that of guiding into
one common stream the many rills of knowledge, will
not be found wanting in my work, although 1t takes a
determined stand against the encroachments of meta-
physical methods.

The questions here dealt with have occupied me
since my earliest youth, when my interest for them was
powerfully stimulated by the beautiful introductions of
LaGraANGE to the chapters of his Analytic Mechanics, as
well as by the lucid and lively tract of JoLLy, Principien
der Mechanik (Stuttgart, 1852). If DUEHRING'S esti-
mable work, Kritische Geschichie der Principien der Me-
chant® (Berlin, 1873), did not particularly influence
me, it was that at the time of its appearance, my ideas
had been not only substantially worked out, but actually
published. Nevertheless, the reader will, at least on
the destructive side, find many points of agreement
between Diihring’s criticisms and those here expressed.

The new apparatus for the illustration of the sub-
ject, here figured and described, were designed entirely
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by me and constructed by Mr. F. Hajek, the mechani-
cian of the physical institute under my control.

In less immediate connection with the text stand
the fac-simile reproductions of old originals in my pos-
session. The quaint and naive traits of the great in-
quirers, which find in them their expression, have al-
ways exerted upon me a refreshing influence in my
studies, and I have desired that my readers should
share this pleasure with me.

E. Macs.

Pracug, May, 1883.



PREFACE TO THE SECOND EDITION.

IN consequence of the kind reception which this
book has met with, a very large edition has been ex-
hausted in less than five years. This circumstance and
the treatises that have since then appeared of E. Wohl-
will, H. Streintz, L.. Lange, J. Epstein, F. A. Miiller,
J- Popper, G. Helm, M. Planck, F. Poske, and others
are evidence of the gratifying fact that at the present
day questions relating to the theory of cognition are
pursued with interest, which twenty years ago scarcely
anybody noticed.

As a thoroughgoing revision of my work did not
yet seem to me to be expedient, I have restricted my-
self, so far as the text is concerned, to the correction
of typographical errors, and have referred to the works
that have appeared since its original publication, as
far as possible, in a few appendices.

E. Macs.
PRAGUE, June, 1888.
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THE present volume is not a treatise upon the ap-
plication of the principles of mechanics. Its aim is
to clear up ideas, expose the real significance of the
matter, and get rid of metaphysical obscurities. The
little mathematics it contains is merely secondary to
this purpose.

Mechanics will here be treated, not as a branch of
mathematics, but as one of the physical sciences. If
the reader’s interest is in that side of the subject, if
he is curious to know how the principles of mechanics
have been ascertained, from what sources they take
their origin, and how far they can be regarded as
permanent acquisitions, he will find, I hope, in these
pages some enlightenment. All this, the positive and
physical essence of mechanics, which makes its chief
and highest interest for a student of nature, is in ex-
isting treatises completely buried and concealed be-
neath a mass of technical considerations.

The gist and kernel of mechanical ideas has in al-
most every case grown up in the investigation of very
simple and special cases of mechanical processes; and

the analysis of the history of the discussions concern-
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TrE number of the friends of this work appears to
have increased in the course of seventeen years, and
the partial consideration which my expositions have
received in the writings of Boltzmann, Féppl, Hertz,
Love, Maggi, Pearson, and Slate, have awakened in
me the hope that my work shall not have been in
vain. Especial gratification has been afforded me by
finding in J. B. Stallo (Z%e Concepts of Modern Plysics)
another staunch ally in my attitude toward mechanics,
and in W. K. Clifford (Zectures and Essays and TZhe
Common Sense of the Exact Sciences), a thinker of kin-
dred aims and points of view.

New books and criticisms touching on my discus-
sions have received attention in special additions,
which in some instances have assumed considerable
proportions. Of these strictures, O. Hélder’s note on
my criticism of the Archimedean deduction (Denkern
und Anschauung in der Geometrie, p. 63, note 62) has
been of special value, inasmuch as it afforded me the
opportunity of establishing my view on still firmer
foundations (see pages 512—51%). I do not at all dis-
pute that rigorous demonstrations are as possible in
mechanics as in mathematics. But with respect to
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the Archimedean and certain other deductions, I am
still of the opinion that my position is the correct
one.

Other slight corrections in my work may have
been made necessary by detailed historical research,
but upon the whole I am of the opinion that I have
correctly portrayed the picture of the transformations
through which mechanics has passed, and presumably
will pass. The original text, from which the later in-
sertions are quite distinct, could therefore remain as
it first stood in the first edition. I also desire that no
changes shall be made in it even if after my death a

new edition should become necessary.

E. Macs.
VIENNA, January, 190I.
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INTRODUCTION.

1. THAT branch of physics which is at once the old- Thescience
est and the simplest and which is therefore treated Sranechan:
as introductory to other departments of this science,
is concerned with the motions and equilibrium of
masses. It bears the name of mechanics.

2. The history of the development of mechanics,
is quite indispensable to a full comprehension of the
science in its present condition. It also affords a sim-
ple and instructive example of the processes by which
natural science generally is developed.

An instinctive, irreflective knowledge of the processes ll{xxl‘s;:ﬁgt&;:
of nature will doubtless always precede the scientific, '
conscious apprehension, or izwestigation, of phenom-
ena. The former is the outcome of the relation in
which the processes of nature stand to the satisfac-
tion of our wants. The acquisition of the most ele-
mentary truth does not devolve upon the individual
alone: it is pre-effectéd in the development of the race.

In point of fact, it is necessary to make a dis- Mechanical
tinction between mechanical experience and mechan- P
ical science, in the sense in which the latter term is at-
present employed. Mechanical experiences are, un-
questionably, very old. If we carefully examine the
ancient Egyptian and Assyrian monuments, we shall
find there pictorial representations of many kinds of
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implements and mechanical contrivances; but ac-

ts of the scientific knowledge of these peoples
ther totally lacking, or point conclusively to a

very inferior grade of attainment. By the side of

‘1314

highly ingenious ap-
pliances, we behold
the crudestand rough-
est expedients em-
ployed—as the use of
sleds, for instance, for
the transportation of
enormous blocks of
stone. All bears an
instinctive, unperfec-
ted, accidental char-
acter.

So, too, prehistoric
graves contain imple-
mentswhose construc-
tion and employment
imply no little skill
and much mechanical
experience. Thus,long
before theory was
dreamed of, imple-
ments, machines, me-

{ chanical experien-

ces, and mechanical
knowledge were abun-
dant.

3. The idea often
suggests itself that
perhaps the incom-
pléte accounts we pos-
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sess have led us to underrate the science of the ancient
world. Passages occur in ancient authors which seem
to indicate a profounder knowledge than we are wont
to ascribe to those nations. Take, for instance, the
following passage from Vitruvius, De Architectura,
Lib. V, Cap. I1I, 6:

¢« The voice is a flowing breath, made sensible to A passage
¢‘the organ of hearing by the movements it produces fom V*™
¢¢in the air. It iS propagated in infinite numbers of
¢¢circular zones* exactly as when a stone is thrown
¢“into a pool of standing water countless circular un-
¢¢dulations are generated therein, which, increasing
‘“as they recede from the centre, spread out over a
‘¢ great distance, unless the narrowness of the locality
‘“or some obstacle prevent their reaching their ter-
¢“mination ; for the first line of waves, when impeded
¢¢by obstructions, throw by their backward swell the
‘¢succeeding circular lines of waves into confusion.
¢« Conformably to the very same law, the voice also
‘¢ generates circular motions ; but with this distinction,
¢¢that in water the circles, remaining upon the surface,

‘care propagated horizontally only, while the voice is
¢¢propagated both horizontally and vertically.”

Does not this sound like the imperfect exposition Controvert-
of a popular author, drawn from more accurate disqui- ictma
sitions now lost? In what a strange light should we
ourselves appear, centuries hence, if our popular lit-
erature, which by reason of its quantity is less easily
destructible, should alone outlive the productions of
science ? This too favorable view, however, is very
rudely shaken by the multitude of other passages con-
taining such crude and patent errors as cannot be con-
ceived to exist in any high stage of scientific culture.

(See Appendix, L., p. 509.)
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The origin 4. When, where, and in what manner the develop-

of science. . . . -
ment of science actually began, is at this day difficult
historically to determine. It appears reasonable to
assume, however, that the instinctive gathering of ex-
periential facts preceded the scientific classification of
them. Traces of this process may still be detected in
the science of to-day; indeed, they are to be met with,
now and then, in ourselves. The experiments that
man heedlessly and instinctively makes in his strug-
gles to satisfy his wants, are just as thoughtlessly and
unconsciously applied. Here, for instance, belong the
primitive experiments concerning the application of
the lever in all its manifold forms. But the things
that are thus unthinkingly and instinctively discovered,
can never appear as peculiar, can never strike ys as
surprising, and as a rule therefore will never supply an
impetus to further thought.

The func- The transition from this stage to the classified,

tionsof spe- . . .
cial classes scientific knowledge and apprehension of facts, first be-

irx;]toh;rgeer;t comes possible on the rise of special classes and pro-
of selence: fossions who make the satisfaction of definite social
wants their lifelong vocation. A class of this sort oc-

cupies itself with particular kinds of natural processes.

The individuals of the class change; old members

drop out, and new ones come in. Thus arises a need

of imparting to those who are newly come in, the

stock of experience and knowledge already possessed ;

a need of acquainting them with the conditions of the

Thecom- attainment of a definite end so that the result may be
ézlg;:ﬁ%vrll?n determined beforehand. T}.le communication of knowl-
' edge is thus the first occasion that compels distinct re-
flection, as everybody can still observe in himsecli.
Further, that which the old members of a guild me-
chanically pursue, strikes a new member as unusual
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and strange, and thus an impulse is given to fresh re-
flection and investigation.

When we wish to bring to the knowledge of a per- Involves

son any phenomena or processes of nature, we have
the choice of two methods : we may allow the person to
observe matters for himself, when instruction comes
to an end ; or, we may describe to him the phenomena
in some way, so as to save him the trouble of per-
sonally making anew each experiment. Description,
however, is only possible of events that constantly re-
cur, or of events that are made up of component
parts that constantly recur. That only can be de-
scribed, and conceptually represented which is uniform
and conformable to law; for description presupposes
the. employment of names by which to designate its
elements ; and names can acquire meanings only when
applied to elements that constantly reappear.

5. In the'infinite variety of nature many ordinary

description.

A unitary
conception

events occur ; while others appear uncommon, per- of nature.

plexing, astonishing, or even contradictory to the or-
dinary run of things. As long as this is the case we
do not possess a well-settled and unitary conception of
nature. Thence is imposed the task of everywhere
seeking out in the natural phenomena those elements
that are the same, and that amid all multiplicity are
ever present. By this means, on the one hand, the
most economical and briefest description and com-

munication are rendered possible; and on the other, The nature

nising these permanent elements throughout the great-
est range and variety of phenomena, of seeing them in
the same, this ability leads to a comprekensive, compact,
consistent, and facile conception of the facts. When once
we have reached the point where we are everywhere

. . of know!-
when once a person has acquired the skill of recog- edge.
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The adap- able to detect the same few simple elements, combin-
thoughts to ing in the ordinary manner, then they appear to us as
things that are familiar; we are no longer surprised,
there is nothing new or strange to us in the phenom-
ena, we feel at home with them, they no longer per-
plex us, they are explained. Itis a process of adaptation
of thoughts to facts with which we are here concerned.
The econ- 6. Economy of communication and of apprehen-
fﬁ%ﬁ;ﬁt, sion is of the very essence of science. Herein lies
its pacificatory, its enlightening, its refining element.
Herein, too, we possess an unerring guide to the his-
torical origin of science. In the beginning, all economy
had in immediate view the satisfaction simply of bodily
wants. With the artisan, and still more so with the
investigator, the concisest and simplest possible knowl-
edge of a given province of natural phenomena—a
knowledge that is attained with the least intellectual
expenditure—naturally becomes in itself an econom-
ical aim ; but though it was at first a means to an end,
when the mental motives connected therewith are once
developed and demand their satisfaction, all thought
of its original purpose, the personal need, disappears.
Further de- L0 find, then, what remains unaltered in the phe-
velopment .
ofthese  nomena of nature, 'tc_> discover tl'le elem.ents thereof
and the mode of their interconnection and interdepend-
ence—this is the business of physical science. It en-
deavors, by comprehensive and thorough description,
to make the waiting for new experiences unnecessary ;
it seeks to save us the trouble of experimentation, by
making use, for example, of the known interdepend-
ence of phenomena, according to which, if one kind of
event occurs, we may be sure beforehand that a certain
other event will occur. Even in the description itself
labor may be saved, by discovering methods of de-
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scribing the greatest possible number of different ob- Their pres-
jects at once and in the concisest manner. All this will gs;ndrlrf:?;Y
be made clearer by the examination of points of detail preparatony
than can be done by a general discussion. Itis fitting,
however, to prepare the way, at this stage, for the

most important points of outlook which in the course

of our work we shall have occasion to occupy. .

7. We now propose to enter more minutely into the proposed
subject of our inquiries, and, at the same time, without Pt
making the history of mechanics the chief topic of
discussion, to consider its historical development so
far as this is requisite to an understanding of the pres-
ent state of mechanical science, and so far as it does
not conflict with the unity of treatment of our main
subject. Apart from the consideration that we cannot
afford to neglect the great incentives that it is in our
power to derive from the foremost intellects of all The incen-

epochs, incentives which taken as a whole are more rived from
contact

fruitful than the greatest men of the present day are with the
able to offer, there is no grander, no more intellectually focts ot the
. world.

elevating spectacle than that of the utterances of the
fundamental investigators in their gigantic power.
Possessed as yet of no methods, for these were first

. created by their labors, and are only rendered compre-
hensible to us by their performances, they grapple with

and subjugate the object of their inquiry, and imprint -
upon it the forms of conceptual thought. They that

know the entire course of the development of science,

will, as a matter of course, judge more freely and And the in-

crease of

more correctly of the significance of any present scien- power
which such

tific movement than they, who limited in their VieWSf.contact
ends.

to the age in which their own lives have been spent,
contemplate merely themomentary trend thatthe course

of intellectual events takes at the present moment.



CHAPTER L

THE DEVELOPMENT OF THE PRINCIPLES OF
STATICS.

I

THE PRINCIPLE OF THE LEVER.

Theearliest ~ I. The earliest investigations concerning mechan-
mechanical . . . . .
researches ics of which we have any account, the investigations
et of the ancient Greeks, related to statics, or to the doc-
trine of equilibrium. Likewise, when after the taking
of Constantinople by the Turks in 1453 a fresh impulse
was imparted to the thought of the Occident by the an-
cient writings that the fugitive Greeks brought with
them, it was investigations in statics, principally evoked
by the works of Archimedes, that occupied the fore-
most investigators of the period. (See p. 510.)
Archimedes 2. ARCHIMEDES of Syracuse (287-212 B. C.) left
of Syracuse . . .. .
(287-212 . behind him a number of writings, of which several
o have come down to us in complete form. We will
first employ ourselves a moment with his treatise De
ALquiponderanttbus, which contains propositions re-
specting the lever and the centre of gravity.
In this treatise Archimedes starts from the follow-

ing assumptions, which he regards as self-evident:

Axiomatic a. Magnitudes of equal weight acting at equal
assump- . . . . .
tions of Ar- distances (from their point of support) are in equi-

librium.
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4. Magnitudes of equal weight acting at une- Axiomatic
qual distances (from their point of support) are ions of Ar
not in equilibrium, but the one acting at the chimedes.
greater distance sinks.

From these assumptions he deduces the following
proposition:

¢. Commensurable magnitudes are in equilib-
rium when they are inversely proportional to their
distances (from the point of support).

It would seem as if analysis could hardly go be-
hind these assumptions. This is, however, when we
carefully look into the matter, not the case.

Imagine (Fig. 2) a bar, the weight of which is
neglected. The bar rests on a fulcrum. At equal dis-
tances from the fulcrum we ap-
pend two equal weights. That
the two weights, thus circum- & &'
stanced, are in equilibrium, 1is Fle. 1.
the assumption from which Archi-
medes starts. We might suppose that this was self- analysis of
evident entirely apart from any experience, agreeably to fciens as-
the so-called principle of sufficient reason ; that in view **"F7"
of the symmetry of the entire arrangement there is no
reason why rotation should occur in the one direction
rather than in the other. But we forget, in this, that
a great multitude of negative and positive experiences
is implicitly contained in our assumption ; the negative,
for instance, that dissimilar colors of the lever-arms,
the position of the spectator, an occurrence in the vi-
cinity, and the like, exercise no influence ; the positive,
on the other hand, (as it appears in the second as-
sumption,) that not only the weights but also their dis-
tances from the supporting point are decisive factors
in the disturbance of equilibrium, that they also are cir-
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cumstances determinative of motion. By the aid of
these experiences we do indeed perceive that rest (no
motion) is the only motion which can be uniquely™* de-
termined, or defined, by the determinative conditions
of the case.t

“haracter Now we are entitled to regard our knowledge of

ind value of .. .= -

he Archi- the decisive conditions of any phenomenon as sufficient

nedean re- . .. .

wlts. only in the event that such conditions determine the
phenomenon precisely and uniquely. Assuming the
fact of experience referred to, that the weights and
their distances a/one are decisive, the first proposition
of Archimedes really possesses a high degree of evi-
dence and is eminently qualified to be made the foun-
dation of further investigations. If the spectator place
himself in the plane of symmetry of the arrangement
in question, the first proposition manifests itself, more-
over, as a highly imperative zustinciive perception,—a
result determined by the symmetry of our own body.
The pursuit of propositions of this character is, fur-
thermore, an excellent means of accustoming ourselves
in thought to the precision that nature reveals in her
processes.

Thegeneral 3. We will now reproduce in general outlines the

»roposition

£ the lever train of thought by which Archimedes endeavors to re-

duced i
he simple duce the general proposition of the lever to the par-

HE%ae’ ticular and apparently self-evident case. The two
equal weights 1 suspended at @ and & (Fig. 3) are, if
the bar a4 be free to rotate about its middle point ¢, in
equilibrium. If the whole be suspended by a cord at

¢, the cord, leaving out of account the weight of the

* So as to leave only a single possibility open.

+1f, for example, we were to assume that the weight at the right de-
scended, then rotation in the opposite direction also would be determined by
the spectator, whose person exerts no influence on the phenomenon, taking
up his position on the opposite side.
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bar, will have to support the weight 2. The equal
weights at the extremities of the bar supply accor-
dingly the place of the double weight at the centre.

()

0 L BlO o

Fig. 3. Fig. 4.

On a lever (Fig. 4), the arms of which are in the
proportion of 1 to 2, weights are suspended in the pro-
portion of 2 to 1. The weight 2 we imagine replaced
by two weights 1, attached on either side at a distance
1 from the point of suspension. Now again we have
complete symmetry about the point of suspension, and
consequently equilibrium.

On the lever-arms 3 and 4 (Fig. 5) are suspended
the weights 4 and 3.. The lever-arm 3 is prolonged
the distance 4, the arm 4 is prolonged the distance 3,
and the weights 4 and 3 are replaced respectively by

o
a N
SR S TR T SR SN /A i R S SRS I I
i s ey Ay e A e
O 00 oD o0 Do oo
Fig. 5

4 and 3 pairs of symmetrically attached Wéights 1,
in the manner indicated in the figure. Now again we

The general
proposition

of the lever -

reduced to
the simple
and partic-
ular case.

have perfect symmetry. The preceding reasoning, The gener-

which we have here developed with specific figures, is
easily generalised.

4. It will be of interest to look at the manner in
which Archimedes’s mode of view, after the precedent
of Stevinus, was modified by GALILEO.

alisation.



Galileo's
mode of
treatment,
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Galileo imagines (Fig. 6) a heavy horizontal prism,
homogeneous in material composition, suspended by
its extremities from a homogeneous bar of the same
length. The bar is provided at its middle point

with a suspensoryattach-

m n m =«  ment. In this case equi-
- librium will obtain ; this
we perceive at once. But
in this case is contained

every other case,—which
Galileo shows in the
following manner. Let
us suppose the whole
length of the bar or the prism to be 2(m 4 7). Cut
the prism in two, in such a manner that one portion
shall have the length 2 and the other the length 22.
We can effect this without disturbing the equilibrium
by previously fastening to the bar by threads, close to
the point of proposed section, the inside extremities of
the two portions. We may then remove all the threads,
if the two portions of the prism be antecedently at-
tached to the bar by their centres. Since the whole
length of the bar is 2(m + #), the length of each half
is m -+ n. The distance of the point of suspension of
the right-hand portion of the prism from the point of
suspension of the bar is therefore 7, and that of the
left-hand portion #z. The experience that we have
here to deal with the weight, and not with the form,
of the bodies, is easily made. It is thus manifest, that
equilibrium will still subsist if a»y weight of the mag-
nitude 2 be suspended at the distance » on the one
side and any weight of the magnitude 27z be suspended
at the distance 7 on the other. The instinctive elements
of our perception of this phenomenon are even more

Fig. 6.
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prominently displayed in this form of the deduction
‘than in that of Archimedes.

We may discover, moreover, in this beautiful pre-
sentation, a remnant of the ponderousness which was
particularly characteristic of the investigators of an-
tiquity.

How a modern physicist conceived the same prob- Lagrange's
lem, may be learned from the following presentation of Bom
LacranGeE. Lagrange says: Imagine a horizontal ho-
mogeneous prism suspended at its centre. Let this
prism (Fig. 7) be conceived divided into two prisms
of the lengths 2 and 2~. If now we consider the
centres of gravity of these two parts, at which we may
imagine weights to act proportional to 2 and 2z, the

2m 2%
| X I 3 B
5 S
Fig. 7.

two centres thus considered will have the distances #
and » from the point of support. This concise dis-
posal of the problem is only possible to the practised
mathematical perception.

5. The object that Archimedes and his successors object of
sought to accomplish in the considerations we have here and his sue.
presented, consists in the endeavor to reduce the more “***"
complicated case of the lever to the simpler and ap-
parently self-evident case, to discern the simpler in the
more complicated, or wice versa. In fact, we regard
a phenomenon as explained, when we discover in it
known simpler phenomena.

But surprising as the achievement of Archimedes
and his successors may at the first glance appear to
us, doubts as to the correctness of it, on further reflec-
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Critique of tion, nevertheless spring up. From the mere assump-
their meth- . e . . .
ods. tion of the equilibrium of equal weights at equal dis-
tances is derived the inverse proportionality of weight
and lever-arm ! How is that possible? If we were
unable philosophically and a priori to excogitate the
simple fact of the dependence of equilibrium on weight
and distance, but were obliged to go for z4af result to
experience, in how much less a degree shall we be able,
by speculative methods, to discover the form of this
dependence, the proportionality !
Thestatical ~ As a matter of fact, the assumption that the equi-
ﬁ%}ﬁ"i librium-disturbing effect of a weight 2 at the distance
ductions.  Z from the axis of rotation is measured by the product
P.L (the so-called statical moment), is more or less
covertly or tacitly introduced by Archimedes and all
his successors. For when Archimedes substitutes for
a large weight a series of symmetrically arranged pairs
of small weights, which weights exzend beyond the point
of support, he employs in this very act the doctrine of
the centre of gravity in its more general form, which is
itself nothing else than the doctrine of the lever in its
more general form. (See Appendix, IIl., p. 512.)
ngﬂigttr;;“ "~ Without the assumption above mentioned of th.e im-
tionis im- port of the product P.Z, no one can prove (Fig. 8)
possible. that a bar, placed 7z
any way on the ful-
crum .S, 1s supported,
with the help of a
C L , string attached to its
=5 centre of gravity and
carried over a pulley,
by a weight equal to its own weight. But this is con-
tained in the deductions of Archimedes, Stevinus,
Galileo, and also in that of Lagrange.

Fig' 8.
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6. HuvGENs, indeed, reprehends this method, and Huygeas's
gives a different deduction, in which he believes he has criticiss.
avoided the error. Ifin o
the presentation of La-
grange we imagine the
two portions into which G| En
the prism 1is divided
turned ninety degrees
about two vertical axes 4 B
passing through the cen-
tres of gravity s,s” of the
prism-portions (see Fig.

24
9a), and it be shown
that under these circum-
stances . equilibrium still D} ZN

continues to subsist, we Fig. 9.
shall obtain the Huygenian deduction. Abridged
and simplified, it is as follows. Ina r1g1d weightless

Tl IIHHIWHH l!lllﬂHI HM{IN{IIN METR

- |
i R

plane (Fig. 9) through the point .S we draw a straight
line, on which we cut off on the one side the length 1
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Hisownde- and on the other the length 2, at 4 and B respectively.

“UHOR T On the extremities, at right angles to this straight
line, we place, with the centres as points of contact, the
heavy, thin, homogeneous prisms CD and £F, of the
lengths and weights 4 and 2. Drawing the straight
line ZSG (where 4G =1A4C) and, parallel to it, the
line CF, and translating the prism-portion CG by par-
allel displacement to #H, everything about the axis
GH is symmetrical and equilibrium obtains. But
equilibrium also obtains for the axis A5, obtains con-
sequently for every axis through S, and therefore also
for that at right angles to 48 : wherewith the new
case of the lever is given.

Apparently Apparently, nothing else is assumed here than that
unimpeach- . . .
Zble. e equal weights p,p (Fig. 10) in the same plane and at

equal distances /,/ from an axis 44’ (in this plane)
equilibrate one another. If we place ourselves in the
plane passing through 44’ perpendicularly to /,/, say

Vv ¥
4
2__/__.
P

i /

/ X
———0 0

? )
4 Al
Fig. 0. Fig. 11,

at the point A/, and look now towards A and now
towards A’, we shall accord to this proposition the
same evidentness as to the first Archimedean proposi-
tion. The relation of things is, moreover, not altered if
we institute with the weights parallel displacements
with respect to the axis, as Huygens in fact does.
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The error first arises in the inference : if equilib- Yet involv-
rium obtains for two axes of the plane, it also obtains e Taen-
for every cther axis passing through the point of inter- or.
section ot the first two. This inference (if it is not to
be regarded as a purely instinctive one) can be drawn
only upon the condition that disturbant effects are as-
cribed to the weights proportional to their distances
from the axis. But in this is contained the very kernel
of the doctrine of the lever and the centre of gravity.

Let the heavy points of a plane be referred to a
system of rectangular coérdinates (Fig. 11). The co-

ordinates of the centre of gravity of a system of masses

mm' ' ... havingthe co6rdinatesxa’x"” ... 33 3" ...
are, as we know,
Mathemat-
Smx 27}1_}’ iczl discus-
& = —— — .z sion of
2m 2m Huygens’s
inference.

If we turn the system through the angle «, the new co-
ordinates of the masses will be
x, = x cosa — ysina, y, = y cosa + xsina

and consequently the codrdinates of the centre of
gravity
£ — Zm (x cosa — ysina) cosa %;zfc_ sing Zmy

1 Y - >m S
= & cosa — psina

and, similarly,
7, = ncosa + & sina.

‘We accordingly obtain the coérdinates of the new
centre of gravity, by simply transforming the coérdi-
nates of the first centre to the new axes. The centre
of gravity remains therefore Zie self-same point. If
we select the centre of .gravity itself as origin, then
Zmx=2=my=0. On turning the system of axes, this
relation continues to subsist. If, accordingly, equi-
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In the direction here indicated the Archimedean
view certainly remained a serviceable one even after
no one longer entertained any doubt of the significance
of the product 2.Z, and after opinion on this point had
been established historically and by abundant verifica-
tion. (See Appendix, IV., p. 514.)

eatment 7. The manner in which the laws of the lever, as
modern handed down to us from Archimedes in their original
et simple form, were further generalised and treated by
modern physicists, is very interesting and instructive.
LEONARDO DA VINCI (1452-1519), the famous painter
and investigator, appears to have been the first to rec-
ognise the importance of the general notion of the so-

B

4

D

¢ )
)

X Fig. 13.
enerdo called statical moments. In the manuscripts_ he hefs
sz1519). left us, several passages are found from which this
clearly appears. He says, for example: We have a
bar 4.0 (Fig. 13) free to rotate about 4, and suspended
from the bar a weight 2, and suspended from a string
which passes over a pulley a second weight Q. What
must be the ratio of the forces that equilibrium may ob-
tain? The lever-arm for the weight 2 is not 4.0, but
the ¢ potential” lever 45. The lever-arm for the
weight Q is not 4D, but the ¢ potential” lever 4C.
The method by which Leonardo arrived at this view
is difficult to discover. But it is clear that he recog-
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nised the essential circumstances by which the effect
of the weight is determined.

Considerations similar to those of Leonardo da Guido,
Vinci are also found in the writings of Guipo UBALDI.

8. We will now endeavor to obtain some idea of
the way in which the notion of statical moment, by
which as we know 1s understood the product of a force
into the perpendicular let fall from the axis of rotation
upon the line of direction of the force, could have been
arrived at,—although the way that really led to this
idea is not now fully ascertainable. That equilibrium
exists (Fig. 14) if we lay a .
cord,subjected at both sides & ™~
to equal tensions, over a

pulley, 1s perceived without
difficulty. We shall always
find a plane of symmetry for
the apparatus—the plane
which stands atrightangles Fig. 14.

to the plane of the cord and bisects (Z.£) the angle made

by its two parts. The motion that might be supposed{;mit_lltﬁd
y whic

possible cannot in this case be precisely determined or the notion
. . of the stat-
defined by any rule whatsoever : no motion will there- ical mo-
ment might

fore take place. If we note, now, further, that the mate- have been
rial of which the pulley is made is essential only to the arrived at
extent of determining the form of motion of the points
of application of the strings, we shall likewise readily
perceive that almost any portion of the pulley may
be removed without disturbing the equilibrium of
the machine. The rigid radii that lead out to the tan-
gential points of the string, are alone essential. We
see, thus, that the rigid radii (or the perpendiculars on
the linear directions of the strings) play here a part
similar to the lever-arms in the lever of Archimedes.
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Thisnotion ~ Let us examine a so-called wheel and axle (Fig.

derived . . -
from the 15) of wheel-radius 2 and axle-radius 1, provided re-
considera-

tion ofa . spectively with the cord-hung loads 1 and 2; an appa-
azle. ratus which corresponds in every respect to the lever
of Archimedes. If now we place about the axle, in
any manner we may choose, a second cord, which we
subject at each side to the tension of a weight 2, the
second cord will not disturb the equilibrium. It is

plain, however, that we are also permitted to regard

Fig. 15. R Fig. 16.

the two pulls marked in Fig. 16 as being in equilib-
rium, by leaving the two others, as mutually destruc-
tive, out of account. But we arrive in so doing, dis-
missing from consideration all unessential features, at
the perception that not only the pulls exerted by the
weights but also the perpendiculars let fall from the
axis on the lines of the pulls, are conditions deter-
minative of motion. The decisive factors are, then,
the products of the weights into the respective per-
pendiculars let fall from the axis on the directions of
the pulls; in other words, the so-called statical mo-
ments.

The princi- 9. What we have so far considered, is the devel-

le of th ..
Bover all- opment of our knowledge of the principle of the lever.

fici .. .
explain the Quite independently of this was developed the knowl-

her ma- .. .. )
chines, edge' of the principle of the inclined plane. It is not

necessary, however, for the comprehension of the ma-
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chines, to search after a new principle beyond that of
the lever ; for the latter is sufficient by itself. Galileo,
for example, explains the inclined plane from the lever
in the following manner.
We have before us (P:ig.
17) an inclined plane, on
which rests the weight
Q, held in equilibrium
by the weight 2. Gali- @
leo, now, points out the Fig. 17.

fact, that it is not requisite that Q should lie directly

upon the inclined plane, but that the essential point

is rather the form, or character, of the motion

of Q. We may, consequently, conceive the weight
attached to the bar 4C, perpendicular to the inclined

plane, and rotatable about C. If then we institute ag{ag};;ztsion
very slight rotation about the point C, the weight wil] of the in-
move in the element of an arc coincident with the in- plane by
clined plane. That the path assumes a curve on the
motion being continued is of no consequence here,

since this further movement does not in the case of
equilibrium take place, and the movement of the in-

stant alone is decisive. Reverting, however, to the
observation before mentioned of Leonardo da Vinci,

we readily perceive the validity of the theorem Q.CB
=P.CA or Q/P= CA/CB=rca/ch, and thus reach

‘the law of equilibrium on the inclined plane. Once we

have reached the principle of the lever, we may, then,

easily apply that principle to the comprehension of

the other machines.

C—8
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(1548-1620)
first investi-

gates the
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II.
THE PRINCIPLE OF THE INCLINED PLANE.

1. STEVINUS, or STEVIN, (1548-1620) was the first
who investigated the mechanical properties of the in-

mechanics clined plane; and he did so in an eminently original

of the in-
clined
plane.

Hismode of
reaching its

law.

manner. If a weightlie (Fig.

18) on a horizontal table, we

perceive at once, since the

pressure is directly perpendic-

ular to the plane of the table,

A by the principle of symmetry,

Fig. 18. that equilibrium subsists. Ona

vertical wall, on the other hand, a weight is not at all

obstructed in its motion of descent. The inclined plane

accordingly will present an intermediate case between

these two limiting suppositions. Equilibrium will not

exist of itself, as it does on the horizontal support, but

it will be maintained by a less weight than that neces-

sary to preserve it on the vertical wall. The ascertain-

ment of the statical law that obtains in this case, caused
the earlier inquirers considerable difficulty.

Stevinus’s manner of procedure is in substance as
follows. He imagines a triangular prism with horizon-
tally placed edges, a cross-section of which 45C is
represented in Fig. 19. For the sake of illustration
we will say that 48 = 2BC, also that 4C is horizon-
tal. Over this prism Stevinus lays an endless string
on which 14 balls of equal weight are strung and tied
at equal distances apart. We can advantageously re-
place this string by an endless uniform chain or cord.
The chain will either be in equilibrium or it will not.
If we assume the latter to be the case, the chain, since
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the conditions of the event are not altered by its mo-

tion, must, when once actually in motion, continue to

move for ever, that is, it must present a perpetual mo-

tion, which Stevinus deems absurd. Consequently only stevinus's
the first case is conceivable. The chain remains in equi- 35‘3;:?:3
librium. The symmetrical portion 4DC may, there- Jmag™
fore, without disturbing the equilibrium, be removed. ?'***
The portion 458 of the chain consequently balances

the portion ZC. Hence: on inclined planes of equal
heights equal weights act in the inverse proportion of

the lengths of the planes.
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In the cross-section of the prism in Fig. 20 let us
imagine 4 C horizontal, BC vertical, and 48 =25C;
furthermore, the chain-weights Q and 2 on 425 and
BC proportional to the lengths ; it will follow then that



The as-
sumptions
of Stevi-
nus'’s de-
duction.
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Q/P=AB/BC=2. The generalisation is self-evi-
dent.

2. Unquestionably in the assumption from which
Stevinus starts, that the endless chain does not move.
there is contained primarily only a purely instinctive
cognition. He feels at once, and we with him, that
we have never observed anything like a motion of the
kind referred to, that a thing of such a character does
not exist. This conviction has so much logical cogency
that we accept the conclusion drawn from it respecting
the law of equilibrium on the inclined plane without the
thought of an objection, although the law if presented

- as the simple result of experiment, or otherwise put,

Their in-
stinctive
character.

Their cog-
. ency.

would appear dubious. We cannot be surprised at this
when we reflect that all results of experiment are ob-
scured by adventitious circumstances (as friction, etc.),
and that every conjecture as to the conditions which are
determinative in a given case is liable to error. That
Stevinus ascribes to instinctive knowledge of this sort
a higher authority than to simple, manifest, direct ob-
servation might excite in us astonishment if we did not
ourselves possess the same inclination. The question
accordingly forces itself upon us: Whence does this
higher authority come ? If we remember that scientific
demonstration, and scientific criticism generally can
only have sprung from the consciousness of the individ-
uval fallibility of investigators, the explanation is not far
to seek. We feel clearly, that we ourselves have con-
tributed noz/iing to the creation of instinctive knowl-
edge, that we have added to it nothing arbitrarily, but
that it exists in absolute independence of our partici-
pation. Our mistrust of our own subjective interpre-
tation of the facts observed, is thus dissipated.
Stevinus’s deduction is one of the rarest fossil in-
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dications that we possess in the primitive history of Highhistor.
ical value of

mechanics, and throws a wonderful light on the pro- Stevinus's
cess of the formation of science generally, on its rise
from instinctive knowledge. We will recall to mind
that Archimedes pursued exactly the same tendency
as Stevinus, only with much less good fortune. In
later times, also, instinctive knowledge is very fre-
quently taken as the starting-point of investigations.
Every experimenter can daily observe in his own per-
son the guidance that instinctive knowledge furnishes
him. If he succeeds in abstractly formulating what
is contained in it, he will as a rule have made an im-
portant advance in science.

Stevinus’s procedure is no error. If an error were The trust-
contained in it, we should all share it. Indeed, it is gfoxrlesjzl&ecss
perfectly certain, that the union of the strongest in- E‘EEJ.‘“"M
stinct with the greatest power of abstract formulation
alone constitutes the great natural inquirer. This by
no means compels us, however, to create a new mysti-
cism out of the instinctive in science and to regard this
factor as infallible. That it is not infallible, we very
easily discover. Even instinctive knowledge of so
great logical force as the principle of symmetry em-
ployed by Archimedes, may lead us astray. Many of
my readers will recall to mind, perhaps, the intellectual
shock they experienced when they heard for the first
time that a magnetic needle lying in the magnetic
meridian is deflected in a definite direction away from
the meridian by a wire conducting a current being car-
ried along in a parallel direction above it. The instinc-
tive is just as fallible as the distinctly conscious. Itsonly
value is in provinces with which we are very familiar.

Let us rather put to ourselves, in preference to
pursuing mystical speculations on this subject, the
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The origin question: How does instinctive knowledge originate

;iggel:mowl- and what are its contents? Everything which we ob-
serve in nature imprints itself wncompreiiended and un-
analysed in our percepts and ideas, which, then, in their
turn, mimic the processes of nature in their most gen-
eral and most striking features. In these accumulated
experiences we possess a treasure-store which is ever
close at hand and of which only the smallest portion
is embodied in clear articulate thought. The circum-
stance that it is far easier to resort to these experi-
ences than it is to nature herself, and that they are,
notwithstanding this, free, in the sense indicated, from
all subjectivity, invests them with a high value. It
is a peculiar property of instinctive knowledge that it
is predominantly of a negative nature. We cannot so
well say what must happen as we can what cannot hap-
pen, since the latter alone stands in glaring contrast to
the obscure mass of experience in us in which single
characters are not distinguished.

Instinctive Still, great as the importance of instinctive knowl-

knowledge :
and extern- edge may be, for discovery, we must not, from our

al realities - - - .- .
mutually  point of view, rest content with the recognition of its

Sach oeher. authority. We must inquire, on the contrary: Under
what conditions could the instinctive knowledge in
question have originated? We then ordinarily find that
the very principle to establish which we had recourse
to instinctive knowledge, constitutes in its turn the fun-
damental condition of the origin of that knowledge.
And this is quite obvious and natural. Our instinctive
knowledge leads us to the principle which explains that
knowledge itself, and which is in its turn also corrobo-
rated by the existence of that knowledge, which is a
separate fact by itself. This we will find on close ex-
amination is the state of things in Stevinus’s case.
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3. The reasoning of Stevinus impresses us as so The ingen-
uity of Ste-~

highly ingenious because the result at which he arrives vinus's rea-
apparently contains more than the assumption from somns:
which he starts. While on the one hand, to avoid con-
tradictions, we are constrained to let the result pass, on
the other an incentive remains which impels us to seek
further insight. If Stevinus had distinctly set forth
the entire fact in all its aspects, as Galileo subsequently
did, his reasoning would no longer strike us as ingen-
ious ; but we should have obtained a much more satis-
factory and clear insight into the matter. In the
endless chain which does not glide upon the prism, is
contained, in fact, everything. We might say, the
chain does not glide because no sinking of heavy bodies
takes place here. This would not be accurate, how-
ever, for when the chain moves many of its links really
do descend, while others rise in their place. 'We must
say, therefore, more accurately, the chain does not
glide because for every body that could possibly de- ritigue vz
scend an equally heavy body would have to ascend deduction.
equally high, or a body of double the weight half the
height, and so on. This fact was familiar to Stevinus,
who presented it, indeed, in his theory of pulleys;
but he was plainly too distrustful of himself to lay
down the law, without additional support, as also valid
for the inclined plane. But if such a law did not exist
universally, our instinctive knowledge respecting the
endless chain could never have originated. With this
our minds are completely enlightened.—The fact that
Stevinus did not go as far as this in his reasoning and
rested content with bringing his (indirectly discovered)
ideas into agreement with his instinctive thought, need
not further disturb us. (See p. 515.)

" The service which Stevinus renders himself and his















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































